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1. INTRODUCTION

At firét we introduce some notstions.

If 8 1s & finite set vith cardinal |S| = a, we will use [ (5) or
Ze(a) to denote the set of all B-subsets of S, here lslsu.'n'nd S-sub-
set means subset with cardinal 8. '

Let Ay (or A,(8), or Ag(a)) be a function from § x 28 ~into
the 2-gset {0,1}, defined by

l. if E‘ﬂ.
AB(E’“) *Jo, othervise,

here £eS, Nel,.
In the same way, we define a function Bs(or BB(S). or Bs(u))
from szze into {0,1} by
1, 1f £Chn
BB(E’“) *Yo, othervwise,
hcre:;czz and neZB.

The function Bs(u) is important in the theory of BIBD (about
the definition of BIBD see M. Hall [1]). A BIED with parameters
v,b,r,k,A can be represented as a function x defined on zk(v). and
for neik(v), x(n) = the number of times N occurs in this design.
It 1is easy to see that a nonnegative integral valued functiom x

on Zk(v) represents a BIBD (v,b,r,k,\) if and only if

_A_gcession Yor

NTIS GRA&I
(1) I B (E.mx(n) = A, gy, DTIC TAB 6
nttk Unannounced O

Justification __ |

and bkerv, A(v-1l)er(k-1).
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Hedayat and L1 in [2] introduced a notion called trade. An
integral-valued function x defiuned on Zk is called a trade if

2 ] B(&mx(n) =0, geL,.
ne

They indicsted that to construct trades is important and difficult.
In this article, we find a nonsingular matrix P such that PB, 1s

of trisngular form. The existence of P is well-known, we get a

concrete P. Thus the work to solve equations (1) and (2) might be

usde easier.
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2. BLOCK DECOMPOSISION QF B (v).

o .

matrix Dk(v) into appropriate blocks. In this section we will
describe the block decomposition we use.

At first we introduce some notations.

Let k; = k-2, k2 - v-kl = yok+2, Ve assume k<v-l, then
k,3. Let

I = {i.2.....kl).

Y- (kl+l.....kl+k2}.

xi- k\{i}. 1-1...- .kl’
xu- N{1,3}), 1,] are different and in X,

If F={F), G={G} are two families of sets of integers, rUs
will denote the family of all sets of the form FUG, with Fef
GeG. 1If F contains only one set F, V] will denote i(p_.

At first we describe how to arrange the rows and how to
decompose the rows into groups.

The rows corresponding to the sets of Iz (v). Ve give {2 v)
an order, that is the lexicographical order, and them decomwpose
iz(v) iato the following disjoint sets:

L&, (1L, (e o HOE 0, T, (0.

The kay to solve the reduction problem is to decompose the




¥ow we describe the arrangement and the decomposition of eb
"columns of B (v).

The columns of the matrix B, (v) correspond to the ut; in
5 (). The order of } (v) 1s aleo the lexicographical one, and
the decomposition of columns is according to the following de-
composition of the set zk(v)z

ilfx)uizm;xklu IS JOURNE HT) NN x,l_l.klg-ﬁ‘un.....x1 205

%

| 4 (Y).Ooo;.nc
-2 .kl-l.klu Is

Thus, the matrix Bk(v) is decomposed into the following block matrix,




E
£ £ 8
£ E € 3 = E ¢
. M.. =4 =~ Ul n.v... E L 3 o
: 2 3 . “ £ .9 9 D Y,
: g 0w A < TS 5. 2 58
N DN ¥ W S N
. S« % K S "% Y« f5 f - S % g WY
) o W W 0 o % &% 7 &% o & ey °
. o v y o S & . o % &% wlnuly
o % v 0 w & & v &% Y @ oy
: Sv W o K 2w & & - & & % @'0¢e)
| Sy 0 L 'y % &% o & & % W'z}
w . Sy 0 o . Yy %W o & . & &K Y% @A
o Tgerduesl S A | Tye N t
“ rilyez 1, U, €y L 2L LI o RN S -1y fy c @
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Here, in this matrix of blocks, ‘2"2(“2)' ‘3"3&2)"“'
ls-la(tz). '4"6“‘2"‘"3 J is a sstrix with all its entries equal

to 1; matrices ‘1-'""31"‘1,2"1.3""""‘ constant rows.




_;‘_,".,:.‘_" Cad L n PO R B P o B
; .V will apply; alemmntary opezations om the block metrix of 2.
‘ At fizst we prove = . -
Lesma 1, A,B, = (2-1)A,.
Proof. Yor two ssts E and F we define
1, if EC ¥,

lr(t) - :
0, otherwise. ' 3

l Thus, the entry of A,B,at i-th row and F~th column (1e(1,2,....k,},
Pel, (k,)) would be

1,11 (®).
Bttzgkz)n F

! A susmand in this sum is not 0 iff
v 1eECF.

i 1If {1 does not belong.to F, this relation cannot hold for any
!czz(kz). and the sum is 0. But if { belongs to F, N i} contains
2-1 nusbers, esch of which and 1 constitute a set Ec],(k,)

with the property that icECF. Thus the sum i{s £-1, Summing up,
we have ’

1o () 1(E) = (t=1)1,(1),
nzzhz)l ¥ 4

ST

i1.e, ‘2" - (l-l)A .
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Reduction 17 From each kl intermediste rows of blochs, subetract |

Lemua 2. JB, = (;)J. here J is the matrix with all eatries 1.

Pf: Take any rti:(kz). the F=th component of the row vector
[l..oo.l] "' 1.

l (') *
htzgkz)

it i{s the number of 2-subsets of E, i.e. (;).

A, times the last row, i
From the first row of blocks, substract J times the lsst rew. ]

By Lemma 1 and 2, we would get a matrix of the fora.

B YR A o NS MO e oy o g
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Here, by Lemma 2,
3 -
ci 'Ki'n:! -Ki-(z)J 1-3.!.

4
c -J’B‘ =K, .~ (z)J = K“- 6J,

13 " Ky 15
5
Ciqp = Kygg=JBs = Kyyp-(5)J = Ky4,-100,

are matrices with constant rows.

Reduction 2°, Take the sume of the k1 intermediate rows of blocks

] | to be the new second row of blocks, and divide this row by (k1+l), because
r(kl-r) + (r+l)r = r(k1+l)

, the new second row becomes

" [0, AS, A3’ eney A3’ A3, 2A4' ZAA’ eney 2A4, ZAa. 3A5. s 3A5' -oo]-

Add this row to the other kl-l intermediate rows, and add these rows

(Brd, eens klth) to the second row, and then multiply some rows by (-1), : 1

|

ve get |
—

© & G 92 G G S, 13 S22 G2, kgl K

0 0 0 . 0 A3 0 0 . AA Ak 0 .

0O 0 0 : A3 0 0 0 : 0 AA 0 :

0 o0 0 0 0 0 0 Ab 0 0

0 0 0 0 0 0 A4 0 0 A i

0 O A3 . 0

0 A3 0 . 0
l: 33 33 33




Lemma 3. ci‘; - "ci

Proof. Because ci is a matrix with constant rows, and the sum of
entries on each column of Az is 2, thus CiAz - zct.

Reduction 3°, From the first row of blocks substract 1/3 time the sum

of the kl intermediate rows. We get by Lemma 3,

F" n
0o 0 0 o0 o D D,, Dy, D

| Beplk,  Pp2iy 13 P12 D2 kel kg
0 0 0.0 A 0 0 . A, A, O .
0 0 0° Ay 0 0 0 0 A O .
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4. FURTHER REDUCTION

Now we consider the problem: How to reduce the matrix
Perre, %kp2,k, o0 P13 Pral-
From 3, we know that
I )
= Ky '%‘1‘%‘1 * .

For a 2-set { p.q}ezz(ll), the row of Dij corresponding to this set

has entries
1-%-%-”--}. 1f {p,q}N{1,3} = ¢,
Doauty " 0 -%4’ 2= %, 1f [{pead){1,3}] = 1,
0+0+0+2e=2, if {p,q} = {1,5}.

Lemma 4. If Hn = (hpq.i:l)' Gn - (3“, 13) 1¢pgqén, l<igj¢n, are two

matrices, defined by

ifpwi, q=4;

hpq’“ 1f |[{p,q¥{1,3}] = 1;

1f (p,q¥){1,5} = 9,

qu.:l.j . -#4-1" if p<i and q = 1 or j§;

L
: | ' L_Q N otherwise.
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(80T, _1*13p 0 0 cee O

(.3-b3) Ia_a"stn_s soe 0

(‘n-z'bu-z) In-z""n-z"n-z

here
‘1 -b-z —TT::i;l » 1-1. [E XN ) ‘.l.
a=1

by =233

1-1. XXX n"z-
Proof. let L = (qu,ij) - Gnnn‘ Then

L

u<v v>q peu<q

! .
Case 1. LNIN s 6+(- m)(ﬂ-q)Z‘F(q-p-l)Z)
n=-p-1

Case 2. p=i, q<i.

Loa.p1 ~ Ppa.pa* [ %q,qvPqv .p:l*,ng %q,uq"1q.p1

v>q

1 n
= 2 - copy(n-l-1424q-p~1) = 2 - = -

Case 3. p=i, q>j. Similar to Case 2,

LPq’Pj =2- -n-;—;%r.

0a.11 = L Epq,uuv,ag = Ppa.ag® I tq,avPqvats® L Spq.ugPua.is’

o




Case &, p<i, q=i

LN ] ° h" -Qj+ \)Zq ‘Pq quhqv .Qf.' p(\zﬂqh l“thlq »qJ

= 2¢(~ =) (n=q-1) 24642 (g=p-1)) = O.
Case 5. p<i, quj, Similar to Case 4.

Case 6. p<i, qi, qbs.

1
qu.ij =] - m(n-p-l*‘z) =0,

Thus, the remaining problems drehow to reduce al+bJ and AS' But these
problems can be solved with the help of the following lemmas.
Lemma S. If agb, then
[(a+(n-1)b)I1-bJ)[(a-b)I+bJ] = (a-b)(a+(n-1)b)I.
Proof. Direct verification.

Lewma 6. AY(a) can have the following form

A @ - Ty-txtevt)  Jy-Dxty-DTiv-)  E
L S D Fl .
1f
. NP et Ty xtamyt)
0 Ic—ﬁ»l
then
Yly-l 'l
e s D Y B I e O DET R L
a=y+l ’

Proof. Direct verification.
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